Single spin measurement using spin-orbital entanglement 
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Single spin measurement represents a major challenge for spin-based quantum computation. In this article we 
propose a new method for measuring the spin of a single electron confined in a quantum dot (QD). Our strategy 
is based on entangling (using unitary gates) the spin and orbital degrees of freedom. An orbital qubit, defined 
by a second, empty QD, is used as an ancilla and is prepared in a known initial state. Measuring the orbital qubit 
will reveal the state of the (unknown) initial spin qubit, hence reducing the problem to the easier task of single 
charge measurement. Since spin-charge conversion is done with unit probability, single-shot measurement of an 
electronic spin can be, in principle, achieved. We evaluate the robustness of our method against various sources 
of error and discuss possible implementations. 

PACS numbers: 03.67.Lx, 85.35.-p 



I. INTRODUCTION 

A notoriously difficult task in quantum information pro- 
cessing (QIP) and spintronics is the measurement of a single 
electron spin. The spin of an excess electron in a quantum dot 
is a natural candidate for the implementation of a solid-state 
qubit, since its Hilbert space is inherently two-dimensional 
(it is generally assumed that the electron is in the ground 
state and that transitions to higher excited states are negligi- 
ble). While implementations of state preparation and quantum 
gates for a spin qubit are in principle feasible the mea- 
surement of a single spin still represents a major challenge 
Q|- Several ideas for spin measurement have been proposed 
Q, including scanning tunneling microscopy 01 and mag- 
netic resonance force microscopy (MRFM) |5]. Optical de- 
tection of a single spin has been experimentally demonstrated 

Very recently several groups have experimentally demon- 
strated single-spin measurement using various techniques and 
in different environments. These experiments include the de- 
tection of an individual electronic spin using magnetic reso- 
nance force microscopy with 25 nm spatial resolution |8] and 
the ESR detection of a single electron spin in a silicon tran- 
sistor 1 9]. Closer to the setup proposed here, single-shot spin 
readout in a quantum dot has been achieved by Elzerman et 
al. llQll . Especially encouraging in this last experiment is the 
very long single-spin relaxation time of up to 0.85 ms in a 8 T 
magnetic field. 

In this article we discuss a method for measuring the spin 
of a single electron confined to a QD which can be adapted, 
in principle, to other spin-qubit proposals. Our algorithm is 
based on entangling the spin qubit with an orbital qubit used 
as an ancilla and prepared in a known initial state. Measuring 
the orbital qubit will reveal the state of the (unknown) initial 
spin qubit. Thus, by mapping (internal) spin degrees of free- 
dom into (external) orbital degrees of freedom (or modes), 
we reduce the problem of single spin measurement to that 
of detecting the location of a particle in a double QD sys- 
tem. For an electron, this later problem becomes equivalent 
to single charge measurement. In contrast to single spin de- 
tection which is challenging, especially in a solid state envi- 



ronment, single charge measurement is easier and has been 
experimentally demonstrated. A radio-frequency single elec- 
tron transistor (SET) has been used to observe real-time sin- 
gle electron tunneling in a QD lITTll . whereas in Ref. 1H2I1 
two cross-correlated SETs were used to detect the charge 
state of a double QD. Other methods for single spin measure- 
ment based on s pin- charge conversion have been discussed in 

Refs. q, m d 111 Eo m. 

One of the earliest proposals for single spin measurement 
employing spin-to-charge conversion J]]] uses an auxiliary 
quantum dot with a single electron prepared in a known spin 
state. Compared to the Loss and DiVincenzo proposal |1], 
our scheme does not require the presence of a second electron 
in the ancilla quantum dot, thus avoiding the experimentally 
challenging preparation of a single spin in a known state. This 
relaxes the technological constraints and reduces the possible 
sources of error. 



II. GENERAL SETUP 

Suppose we want to measure the spin state of a single elec- 
tron confined in a QD. A second, empty QD is located in its 
vicinity. We denote the two dots by and 1 respectively, and 
we will also refer to them as modes. We assume that dot 1 
is decoupled from dot (i.e., there is no tunneling between 
the two dots) during the whole quantum computation process; 
dot 1 is used only to detect the final spin state of the electron 
located initially in dot 0. In QIP terminology, we can say that 
dot 1 is used as an ancilla for measuring the spin qubit in dot 
0. 

A spin- 1/2 particle in two QDs can encode a spin qubit and 
an orbital qubit. The basis states of the orbital qubit (also 
known as dual rail qubit) are defined by wave-functions lo- 
calized in the 0, and respectively 1, quantum dot. We denote 
the total particle state by \a; k) = \a) ® \k), where a = f , j 
represents the spin and k = 0, 1 the modes; the full Hilbert 
space is 7i = span {\a; k)}. 

A single electron tunneling between two dots (modes) is 
described by the hopping (tunneling) Hamiltonian 



H(t) =T(i)(4 j0 a CT ,i+h.c.) 
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FIG. 1: Measuring a single spin with a SET using spin-to-orbital 
conversion. A spin is initially located in site (black dot). A sec- 
ond, empty dot (mode 1) resides in its vicinity, (open circle). After 
applying the unitary transformations U1U2U1, a spin up (down) will 
be found with unit probability in dot 1 (0). Measuring the location 
of the electron with a SET is thus equivalent to measuring the ini- 
tial spin state. An alternative design (experimentally implemented in 
11211 ) uses two cross-correlated SETs (one for each QD) in order to 
avoid spurious detections due to background charges. 



beam-splitter, then propagates along two different paths and 
recombines again at a second beam-splitter (single particle in- 
terference). If the phase shift between the two branches is 
4> = (7r), an incoming particle in mode will always (i.e., 
with unit probability) exit the interferometer in mode 1 (0). In 
our case a spin initially situated in QD is coherently split 
between the two modes by U\, then a spin phase shift is ap- 
plied only to mode by U2, and then the two branches are 
recombined again by U3. In the end, a spin-up (-down) par- 
ticle will be recovered with unit probability in QD 1 (0) and 
the spin state can be measured by detecting the particle loca- 
tion with a SET coupled to QD 1 . A similar scheme was used 
for mobile spins in a spintronic context for a mesoscopic spin 
Stern-Gerlach device [20]. 



where a' a k is the operator creating a particle with spin a in 
mode k. Since H acts only on the mode degrees of freedom 
(tunneling does not change the spin), its action will induce 
Rabi oscillations between the two dots 

|cr;0)^cos6»|cr;0) +ism9\a;l) (2) 

with 6 = — J T(t)dt/h. In the Hilbert space H defined above 
this is equivalent to a rotation around the a>axis in the k- 
subspace, % ® R x (6) k , where R x (0) = e l6a * = costfl + 
i sin 8 a x . 

Our proposed single spin measurement method involves 
four steps: 

1 . couple the two QDs and allow the particle (situated initially 
in dot 0) to tunnel until is in an equal superposition between 
the two modes. This corresponds to a quarter of a Rabi oscil- 
lation between the dots, — 7r/4, giving the transformation 
Ut = \ (8 R x (7r/4) fc = diag(R x (V4), Rx(tt/4)); 

2. apply locally, on dot only, a spin sign-flip a z . This leaves 
invariant the states ||;0), |f; 1) and |!; 1) and flips only the 
sign of I J,; 0)— > — ||; 0). Hence the transformation is given by 
U2 = diag(l, 1, — 1, 1). Since we assumed that dot defines a 
spin qubit, this is a standard single-qubit operation and should 
be already available in any spin-based QC implementation; 

3. couple the two dots again as in step 1, U3 = Ux; 

4. detect (with a SET or otherwise) in which mode (QD) is the 
particle. 

The succession of steps 1-3 implements in TL a unitary 
transformation U = \J\UJJ\ = diag(i<r x , — a z ). For a spin 
located initially in dot 0, U induces the following mapping: 

lT;0)-> i|T;i) (3) 
14; OH- 11; o) (4) 

This shows that a spin up (down) will always end up in dot 
1 (0) with unit probability. The final step is to measure the 
electron location with a SET (see Fig. [0 10. Hence, a 
single-shot spin measurement can be performed by detecting 
the charge of only one dot, e.g., QD 1 (in order to minimise 
interference between the SET and the spin qubit in dot 0). 

From the above discussion we can see that our architec- 
ture is conceptually equivalent to a Mach-Zehnder interfer- 
ometer (MZI). In a MZI a particle is coherently split by a 



III. ERROR ANALYSIS 

In the previous description of our measurement method, all 
unitary gates and SETs were assumed to be ideal. Assuming 
that charge detection can be performed with high accuracy, 
then readout errors will be due to imperfect orbital and spin 
rotations. In this section we investigate how various gate er- 
rors affect the measurement accuracy. 

We assume that due to imprecision in gate control the ro- 
tation angle in U\ and U3 will be different from the ideal 
value of 7r/4. The transformations induced by imperfect gates 
(marked with ' in the following) will be U[ = (g> R x (#i)fc 
and C/g = Ho- ® R x (#2)fc- The analysis of U2 is more subtle. A 
a z term in the Hamiltonian acting on spin is equivalent (up to a 
general 7r/2 phase) to a R z (7r) rotation, where R z ((j>) = e 1 ^" 7 ' . 
However, in the 4-dimensional Hilbert space H of both orbital 
and spin degrees of freedom, this general phase appears only 
on mode 0, hence it is equivalent to a conditional gate between 
mode and spin. A general (i.e., non-ideal) expression for U2 
will include both the rotation angle tj> and the extra phase ip 
induced by a spin sign-flip between orbital and spin degrees 
of freedom: = diag(e*^-^ 2 5, 1, eW+W, 1). The ideal 
case corresponds to = ir and if) — ir/2. 

Suppose we want to measure an arbitrary spin state \&i n ) — 
(cos |||) + e l7 sin||!)) |0) (a spin superposition in dot 
0). An ideal measuring apparatus would give the following 
probabilities: 

p) deal =cos 2 (S/2) , p\ deal = sm 2 (<5/2) (5) 

After applying a non-ideal sequence of gates U' = 
U3U2U1, the initial state \^i n ) is mapped into the output state: 

|*o»t) = (AIT) + /2II)) ® |o) + ( 5l |T) + <? 2 |i» ® |1) (6) 

where /j and gi are functions of 6i, <fi, ip and S and can be 
read directly from the matrix elements of U'. Contrary to the 
ideal case, there will be a non-zero probability that a spin up 
(down) electron will end up in dot 0(1). 

Following the readout algorithm described above, one con- 
cludes that the probability of an electron ending up in dot 0(1) 
originates from spin-down (up) part of the initial spin super- 
position. Therefore, performing an imperfect measurement 
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FIG. 2: The average absolute error £ as a function of gate parameters: 
(a) 6> 2 ) for V = = tt; (b) 0) wither = 2 = tt/4; 

(c) £(0, ^) for 0i = 6 2 = and = 2ip. 

(described by U') will assign the following probabilities to 
the two basis spin states: 

Pi = l.9i| 2 + 1.92 1 2 = sin 2 (^ - 2 ) + A (7) 

P i = \h\ 2 + \h\ 2 ^cos 2 {9 1 -0 2 )-A (8) 

where 

l A n ( d> \ 

A = — sin 26*i sin 20 2 I 1 + cos ^ cos — + sin sin — cos 6 I 

Note that both p^ and p± are independent of the relative 
phase e n between the spin-up and spin down component of 



the initial state We define the measurement error as 

£ = pf — p^ deal = p ldeal — For a fixed set of gate param- 
eters O = (01,02, 4>)i tne minimum (maximum) error over 
all input states occurs for 8 = (S = 7T, respectively), corre- 
sponding to the basis state ||) (|J.)). A physically significant 
function is the average (over all possible input states) of the 
absolute error £(0) = ^ f£ |£(0, S)\dS. In Figure[2]we plot 
£ as a function of various gate parameters. 

IV. IMPLEMENTATIONS 

Experimentally, our method for spin-charge conversion is 
based on two requirements: (i) coherent control of particle 
tunneling between two quantum dots (steps 1 and 3); and (ii) 
fast switching of local fields required to enact the <j z spin-flip 
in dot (step 2). 

Coherent manipulation of charge tunneling in a double 
quantum dot has been experimentally demonstrated on a sub- 
nanosecond time scale l2~fll . As described in Ref. l2lll . the 
control is realized with rectangular voltage pulses applied to 
the drain electrode. The transformation U\ required in steps 1 
and 3 is equivalent to a quarter period oscillation (a 7r/2-pulse, 
in the notation of Ref. 12 ill ). In step 1, this pulse creates an 
equal superposition state in the two dots. 

We discuss now the second requirement (step 2). As we 
pointed out above, dot is assumed to be a spin qubit, hence 
by hypothesis all the single qubit operations (including the 
sign flip) are already implemented in the original quantum 
computation scheme. This is one of the simplifying elements 
of our read-out scheme: we use a resource already present in 
the spin-qubit implementation. Hence we can view the present 
read-out scheme as a "plug-in" to be used in conjunction with 
an already existing spin-qubit implementation. 

In the following we describe two possible setups which en- 
act the local sign-flip operation required in step 2. The first 
is to use a magnetic tip AFM. The experiment described in 
Ref. 1 8], of single spin detection using single magnetic reso- 
nance force microscopy (MRFM) opens up also the possibil- 
ity of single spin manipulation using the same technique. In 
this case, a magnetic tip AFM can be applied locally to dot 
(the spatial resolution achieved in Ref. |8] was 25 nm) in 
order to enact the sign-flip operation. The second setup em- 
ploys the technique demonstrated by Kato et al. 112211 . i.e., 
the coherent spin manipulation using electric fields in strained 
semiconductors. If the qubit dot (QDO) is defined in strained 
GaAs/InGaAs layers, the electron spin can be manipulated co- 
herently using only applied electric fields. 

A different way to solve the problem of fast switching of 
local fields required in step 2 is to use an alternative setup (see 
Figure |3j- Instead of step 2 above (apply locally a spin-<r 2 
on QD 0), the particle in dot tunnels completely to a third 
QD, denoted by 0'. Between QDs and 0' there is a region 
R enacting a spin rotation R z (— 7r/2) = e - Jcr W 2 = ~%a z . A 
complete tunneling between QDs and 0' (half Rabi oscilla- 
tion, 1 0) — ► i |0')) introduces an extra i factor in the orbital part, 
and hence the total transformation on the upper part of the in- 
terferometer will be: |f; 0}->|T; 0'}, ||; 0)-> - ||; 0'), which 
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FIG. 3: An alternative setup for measurement. Region R acts on the 
electron spin as: IT) - **|T)> »— This can be produced in two 
ways by having either: (a) a Rashba active region, using top/bottom 
gates; or (b) a local static magnetic field. Since the electron tunnels 
completely from dot to dot 0' (half Rabi oscillation), this introduces 
an extra i factor on the upper branch. 



is effectively equivalent to U2 in step 2 above. 

The other steps remain the same: (i) a quarter of a Rabi 
oscillation (6 = tt/4) between QDs and 1 {Ui as above); 
(ii) complete tunneling between dots and 0' through re- 
gion R, enacting f/ 2 ; (iii) a quarter of a Rabi oscillation be- 
tween 0' and 1 (t/3); (iv) charge measurement on dot 1 with a 
SET. Again, after applying U3U2U1, a spin up (down) elec- 
tron will be recovered with unit probability in QD 1 (0'), 

|t;0Hi|T;l),|l;0H-|!;0'>. 

The region R performing a spin rotation R z (— 7r/2) can be 
implemented in two ways using either: 

(a) a static magnetic field B inducing a Zeeman splitting (e.g., 
produced by a micro-magnet situated in vicinity), or 

(b) a static electric field E, if R is a Rashba-active region 
(which should have a s pin- orbit coupling controllable by 
top/bottom gates 11231 1241 12511 ). An estimation of the Rashba 
region length required for a tt/2 spin rotation is L = 58 nm 
in InAs (a = 4 x 10~ n eVm j2J) and L = 250 nm in In- 
GaAs/InAlAs (a = 0.93 x 10- n eVm lEl ). 

By using static fields in region R we eliminate the require- 
ment of fast on/off switching of U2 in step 2 and replace it with 
coherent control of tunneling 0— >0' (which should be less re- 
strictive from a technological point of view). 

Since charge coherence time is considerably shorter than 
spin coherence time, it is essential to have the ancilla dot 1 
completely decoupled from the spin qubit (dot 0) during the 
whole quantum computation step. One way of achieving this 
is to "create on demand" dot 1, only when the measurement is 
required, e.g., by having a control gate close to QD 1. A large 
negative bias applied to this gate depletes the 2DEG electrons, 
physically "destroying" the dot (see Fig.|4}. Thus, prior to the 
measurement there is no orbital qubit but only the spin qubit 
used in computation. 



V. FURTHER GENERALIZATIONS AND CONCLUSIONS 

The measurement method developed here can be extended 
to other configurations, e.g., optical lattices loaded with single 
atoms (in a Mott insulator phase) or Bose-Einstein conden- 
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FIG. 4: Creating a mode qubit by engineering the confining poten- 
tial. The QDs are defined by top gates used to deplete the electrons in 
a 2DEG (not shown in the figure); a gate above (or near) dot 1 (blue 
polygon) is used to deplete the electrons in mode 1, physically de- 
stroying the second dot when it is not needed (by applying a negative 
potential V). The gate T (black line) controls the tunneling between 
the two QDs. 



sates. The spin can be replaced by another internal degree of 
freedom elusive to direct measurement (denoted by S in the 
following). The setup is similar: we can measure £ by map- 
ping this internal degree of freedom into an external one (e.g., 
modes k) and subsequently measuring the modes. There are 
several assumptions behind this scheme: (i) the external de- 
gree of freedom k is easier to measure than S; (ii) S has only 
two possible values (or only two of them are relevant for the 
problem, e.g., the ground and first excited state of a particle 
in a potential well); and (iii) there exists an interaction which 
entangles £ and k. 

The important point to notice here is that applying locally 
(i.e., only on mode 0) any unitary transformation which affects 
£ is equivalent to a controlled interaction between k and £ 
"qubits". It is this interaction which maps the £-state into a 
fc-state. Since £ and k become entangled, measuring k reveals 
the state of £. 

Among the physical systems to which this architecture can 
be applied are atoms and Bose-Einstein condensates in optical 
lattices. The measurement step for (single) atoms in a optical 
lattice can be performed using fluorescence: an atom present 
(absent) in mode 1 will be seen as a bright (dark) spot under 
an appropriate laser illumination. The confinement potential 
shape (and hence the tunneling rate) can be controlled with 
counter-propagating laser beams 12711 . 

In conclusion, we have proposed a scheme for measuring 
the spin of a single electron confined to a QD, using the inter- 
play of spin and orbital degrees of freedom and a subsequent 
charge measurement with a SET. Since spin-to-charge conver- 
sion is done with unit probability, single-shot measurement of 
a spin in a QD becomes in principle possible, using resources 
not more challenging than those available at present. Our de- 
sign is theoretically and technologically compatible to state of 
the art schemes for universal QIP with electron spins in QDs. 
Other advantages include scalability and adaptability to purely 
electrical control. We believe that the present proposal is one 
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of the simplest applications of the tunneling and spin rotation 
Hamiltonians to the task of single spin measurement. 
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